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1. Introduction
All spaces are assumed to be regular topological spaces if not suggested otherwise. We will use Φ : X  Y to denote
that Φ is a mapping from a space X into the (not necessarily nonempty) subsets of a space Y . Such a mapping is usually
called set-valued, or multi-valued, and sometimes a multifunction. To emphasize that Φ : X Y is nonempty-valued, we will
write that Φ : X Y . Also, we will keep the standard notation f : X → Y for a map f from X to Y .
A map f : X → Y is a selection (or, a single-valued selection) for Φ : X  Y if f (x) ∈ Φ(x) for every x ∈ X . A mapping
ψ : X Y is a multi-selection (or, a set-valued selection) for Φ : X Y if ψ(x) ⊂ Φ(x) for every x ∈ X .
A mapping ψ : X Y is lower semi-continuous, or l.s.c., if the set
ψ−1(U ) = {x ∈ X: ψ(x)∩ U =∅}
is open in X for every open U ⊂ Y . For simplicity, for a point y ∈ Y , we set ψ−1(y) = ψ−1({y}). Finally, recall that a
mapping ψ : X Y is upper semi-continuous, or u.s.c., if the set
ψ#(U ) = {x ∈ X: ψ(x) ⊂ U}
is open in X for every open U ⊂ Y . We say that ψ : X Y is usco if it is u.s.c. and compact-valued.
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mappings are analogues and in certain respects generalizations of ordinary extension theorems. For instance, such famil-
iar extension theorems as Urysohn’s characterization of normality, Kuratowski’s extension theorem for ﬁnite-dimensional
spaces, and the homotopy extension theorem were transformed and thereby essentially generalized into selection theorems,
see [14–16].
In contrast to this, most theorems for the existence of multi-selections have no proper analogues in the extension theory
but are natural generalizations of cover properties of topological spaces. Namely, for a family {U y: y ∈ Y } of subsets of a
space X , deﬁne a mapping Φ : X Y by Φ(x) = {y ∈ Y : x ∈ U y}, x ∈ X . Then, {U y: y ∈ Y } is a cover of X if and only if Φ is
nonempty-valued (i.e., Φ : X Y ), while ψ : X Y is a multi-selection for Φ if and only if {ψ−1(y): y ∈ Y } is a reﬁnement
of {U y: y ∈ Y }. On the other hand, for a discrete space Y , a mapping ψ : X Y is l.s.c. if and only if {ψ−1(y): y ∈ Y } is an
open cover of X ; ψ is l.s.c. and compact-valued if and only if {ψ−1(y): y ∈ Y } is open and point-ﬁnite; ψ is u.s.c. if and
only if {ψ−1(y): y ∈ Y } is closed and hereditarily closure-preserving; ψ is usco if and only if {ψ−1(y): y ∈ Y } is closed
and locally-ﬁnite; etc. Thus, such familiar cover properties of topological spaces as paracompactness, metacompactness,
collectionwise normality, etc., were transformed and essentially generalized in terms of multi-selections for l.s.c. mappings
in completely metrizable spaces, see, for instance, [2,11,17,19,21,23,25].
In the present paper, we deal with another cover property of topological spaces — that of strong paracompactness. Recall
that a cover U of X is star-ﬁnite if the set {W ∈U : W ∩U =∅} is ﬁnite for every U ∈U . A Hausdorff space X is strongly
paracompact if every open cover of X has a star-ﬁnite open reﬁnement. Every strongly paracompact space is paracompact
but not vice versa (see, for instance, [9]).
For a mapping ψ : X  Z and a subset A ⊂ X , let ψ(A) =⋃{ψ(x): x ∈ A}. Once the image of a set by a set-valued
mapping is deﬁned, one can also deﬁne the composition of set-valued mappings. Namely if ψ is a map (or, a set-valued
mapping) from X to Z and θ is a map (or, a set-valued mapping) from Z to Y , then the composite map (mapping) θ ◦ ψ
is deﬁned by θ ◦ ψ(x) = θ(ψ(x)), x ∈ X . Following [4], to every mapping ψ : X Z we associate the sequence of mappings
ψn : X  Z , n < ω, deﬁned by ψ0 = ψ and ψn+1(x) = ψ(ψ−1(ψn(x))), x ∈ X . Finally, deﬁne ψω : X  Z by ψω(x) =⋃{ψn(x): n <ω}, x ∈ X . The following theorem was recently proved by Choban, Mihaylova and Nedev [4].
Theorem 1.1. ([4]) For a space X, the following are equivalent:
(a) X is strongly paracompact.
(b) If Y is a discrete space and Φ : X Y is an l.s.c. mapping, then there exists a discrete space Z , an usco mapping ψ : X Z and a
map g : Z → Y such that g ◦ψ : X Y is a multi-selection for Φ and ψω : X Z is countable-valued.
We are now ready to state also the main purpose of this paper. Namely, in this paper, we extend Theorem 1.1 to an
arbitrary completely metrizable space Y . In order to state our result, recall that a metric d on Z is non-Archimedean, or an
ultrametric [8,12] if
d(x, y)max
{
d(x, z),d(z, y)
}
, for every x, y, z ∈ Z .
A metrizable space Z is called non-Archimedean if it has a non-Archimedean metric compatible with its topology. Often, a
metric space (Z ,d) is called ultrametric if d is an ultrametric. For a metric space (Z ,d), ε > 0 and F ⊂ Z , let Bdε(F ) = {y ∈ Z :
d(y, F ) < ε} be the open ε-neighbourhood of F with respect to d. In particular, for a point z ∈ Z , let Bdε(z) = Bdε({z}). We
shall say that a subset S ⊂ Z is totally ε-bounded if there exists a nonempty ﬁnite subset F ⊂ S , with S ⊂ Bdε(F ).
Theorem 1.2. For a space X, the following are equivalent:
(a) X is strongly paracompact.
(b) If (Y ,ρ) is a complete metric space and Φ : X  Y is an l.s.c. closed-valued mapping, then there exists a complete ultrametric
space (Z ,d), an usco mappingψ : X Z and a uniformly continuous map g : Z → Y such that g ◦ψ : X Y is a multi-selection
for Φ and the set ψ(ψ−1(S)) is totally ε-bounded whenever ε > 0 and S ⊂ Z is totally ε-bounded.
(c) If Y is a discrete space and Φ : X  Y is an l.s.c. closed-valued mapping, then there exists a discrete space Z , an usco mapping
ψ : X  Z and a map g : Z → Y such that g ◦ ψ : X  Y is a multi-selection for Φ and the set ψ(ψ−1(S)) is ﬁnite whenever
S ⊂ Z is ﬁnite.
It is well known that a subset K ⊂ Z of a complete metric space (Z ,d) is compact if and only if it is closed and totally
bounded with respect to d. This implies the following immediate consequence of Theorem 1.2.
Corollary 1.3. If X is a strongly paracompact space, (Y ,ρ) is a complete metric space andΦ : X Y is an l.s.c. closed-valuedmapping,
then there exists a complete ultrametric space (Z ,d), an usco mapping ψ : X  Z and a uniformly continuous map g : Z → Y such
that g ◦ ψ : X  Y is a multi-selection for Φ and ψ(ψ−1(K )) is compact for every compact K ⊂ Z . In particular, ψω : X  Z is
separable-valued.
1432 V. Gutev, T. Yamauchi / Topology and its Applications 157 (2010) 1430–1438The property of strongly paracompact spaces in Corollary 1.3 looks natural, and it will be interesting to see if it may
characterize these spaces.
Finally, let us explicitly mention that several related results and consequences are obtained as well, in particular we
generalize the rest of the “discrete” selection theorems of [4].
A word should be said also for the paper itself. Our approach to prove Theorem 1.2 is based on trees of open sets and
their branch spaces — a similar approach was previously developed in [11]. In Section 2, we brieﬂy review some results
for such trees and their branch spaces. Sections 3 and 4 deal with some constructions of set-valued mappings relative to
special trees of open sets. Theorem 1.2 is then proved in Section 5. The last Section 6 deals with usco multi-selections in
special strongly paracompact spaces.
2. Generalized Baire spaces and branch spaces on trees
Given a set D , to any mapping T : ω D we associate the set Π(T ) of all possible single-valued selections for T . That
is, f ∈ Π(T ) if and only if f : ω → D and f (n) ∈ T (n) for every n <ω, so Π(T ) =∏{T (n): n <ω}. We will consider Π(T )
as a topological space endowed with the Tychonoff product topology generated by the discrete topology on D . Thus, Π(T )
is always a completely metrizable non-Archimedean space. In fact, the space Π(T ) is known as the Baire space of weight τ
provided τ = |T (n)|  ω for every n < ω, see [9]. Motivated by this, we will refer to Π(T ) as a generalized Baire space. In
these terms, any generalized Baire space Π(T ) corresponding to a mapping T : ω D is a closed subset of the Baire space
of weight τ = |D|.
Turning to a crucial example of generalized Baire spaces, let us recall that a partially ordered set (T ,) is called a tree
if the set {s ∈ T : s ≺ t} is well ordered for every t ∈ T . Here, “s ≺ t” means that s t and s = t . If (T ,) is a tree, then T (0)
will denote the set of all minimal elements of T . Given an ordinal α, if T (β) is deﬁned for every β < α, then let
T  α =
⋃{
T (β): β < α
}
,
and let T (α) be the minimal elements of T \ (T  α). The set T (α) is called the αth-level of T . The height of a tree (T ,)
is the least ordinal α such that T  α = T . We say that (T ,) is an α-tree if its height is α. If (T ,) is an α-tree, then
a natural set-valued mapping is deﬁned which associates to every β < α the corresponding level T (β). We will denote
this mapping merely by T , i.e. T : α T , and will refer to it as a level mapping of (T ,). Clearly, each level mapping is
nonempty-valued. Finally, let us recall that a tree (T ,) is called pruned if for every s ∈ T there exists t ∈ T , with s ≺ t , or,
in other words, if every element of T has a successor in T .
A maximal linearly ordered subset of a tree (T ,) is called a branch, and we denote by B(T ) the set of all branches
of T . In these terms, an ω-tree (T ,) is pruned if and only if every branch β ∈B(T ) is inﬁnite. To any ω-tree (T ,)
we may associate the corresponding generalized Baire space Π(T ) generated by the level mapping T : ω T of (T ,).
If, moreover, (T ,) is also pruned, then β ∩ T (n) =∅ for every β ∈B(T ) and n < ω. In fact, every branch β ∈B(T ) can
be identiﬁed with a selection β ∈ Π(T ) for T : ω T for which β(n) ∈ β ∩ T (n), n <ω. That is,
B(T ) = {β ∈ Π(T ): β(n) ≺ β(n + 1) for every n <ω}.
Motivated by this, for a pruned ω-tree (T ,), we are going to consider B(T ) as a topological space endowed with the
relative topology as a subspace of the generalized Baire space Π(T ). We will refer to this topology on B(T ) as the branch
topology, and to the resulting topological space on B(T ) as the branch space.
Proposition 2.1. ([11]) If (T ,) is a pruned ω-tree, then the branch space B(T ) is a closed subset of the generalized Baire space
Π(T ). In particular,B(T ) is a completely metrizable non-Archimedean space, and it is compact if and only if all levels of (T ,) are
ﬁnite.
Given a pruned ω-tree (T ,), we will often rely on a particular non-Archimedean metric on the branch space B(T )
generated by the standard non-Archimedean metric on Π(T ) as a product of discrete spaces. Namely, on the metric dT
deﬁned for β,γ ∈B(T ) by
dT (β,γ ) =
{0 if β = γ ,
1
n+1 if β = γ and n =min{k <ω: β(k) = γ (k)}.
(2.1)
We conclude this section with an inner characterization of the branch topology. Following Nyikos [22], for every t ∈ T ,
we let
O(t) = {β ∈B(T ): t ∈ β}, (2.2)
and next we set O[T ] = {O(t): t ∈ T }. The following is a very simple observation whose veriﬁcation is left to the reader.
Proposition 2.2. If (T ,) is a pruned ω-tree, β ∈B(T ), and t ∈ β(n + 1) for some n < ω, then BdT1/(n+1)(β) =O(t). In particular,
O[T ] is a base for the branch topology onB(T ).
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A path π in a tree (T ,) is a subset π ⊂ T which is linearly ordered by , and has the property that if s t and t ∈ π ,
then s ∈ π . For a non-maximal path π ⊂ T in a tree (T ,), the node of π in T is the subset node(π) ⊂ T deﬁned by
t ∈ node(π) if and only π = {s ∈ T : s ≺ t}. Let N (T ) be the set of all nodes of T . If (T ,) is an ω-tree and ν ∈N (T ),
then ν = node(π) for some ﬁnite path π ⊂ T . In case π =∅, we have that
ν = node(∅) = {t ∈ T : t ∈ T (0)}= T (0).
If π =∅, then t = maxπ for some t ∈ T . Hence, π = {s ∈ T : s  t}. In this case, we will say that the node ν ∈N (T ) is
generated by t , and will denote it merely by ν = node(t).
Let (T ,) be a pruned ω-tree. Recall that a mapping S : T  X is called a sieve on X if
(i) X =⋃{S (t): t ∈ node(∅)},
(ii) S (t) =⋃{S (s): s ∈ node(t)} for every t ∈ T .
In what follows, to every S : T  X we are going to associate another mapping ΩS :B(T ) X , called the polar mapping,
which is deﬁned by
ΩS (β) =
⋂{
S (t): t ∈ β}, β ∈B(T ). (3.1)
The value ΩS (β) for a branch β ∈B(T ) will be called the polar of β by S .
Given a mapping θ : X Z , deﬁne the inverse θ−1 : Z  X of θ by letting for z ∈ Z that
θ−1(z) = {x ∈ X: z ∈ θ(x)}= θ−1({z}).
Thus, we always have that θ = (θ−1)−1. In this section, we are interested in the inverse mapping Ω−1S : XB(T ) of ΩS ,
where (T ,) is a pruned ω-tree and S : T  X . In order to simplify our notations, we will denote this mapping byS = Ω−1S . Thus, for every x ∈ X , we have that
S (x) = {β ∈B(T ): x ∈ ΩS (β)}. (3.2)
The inverse polar mapping S was studied in [11] but essentially for the case of a sieve S . Here, we improve some of
the results in [11] by dealing with this mapping in a more general situation.
Deﬁnition 3.1. Following Choban and Nedev [7] (see, also, [21]), a mapping S : T  X deﬁned on a pruned ω-tree (T ,)
is called a semi-sieve on X if
(i) X =⋃{S (t): t ∈ T (n)} for every n <ω,
(ii)
⋃{S (s): s ∈ node(t)} ⊂S (t) for every t ∈ T .
Let P be a property of indexed covers of topological spaces, and let (T ,) be an ω-tree. We shall say that a mapping
S : T  X has the property P , or is a P mapping, if each indexed family {S (t): t ∈ T (n)}, n <ω, has the property P .
In fact, we will be mainly interested in P semi-sieves when P is the property “locally-ﬁnite” or “star-ﬁnite”. Finally, let
us recall that a subset S ⊂ T of a tree (T ,) is a subtree if (S,) is itself a tree.
The following lemma is due to Nedev [20] (see, also, [21, Lemma 2.4]), but it was set in different terms and its original
proof is relatively more complicated being based on metric arguments.
Lemma 3.2. ([20,21]) Let X be a space, and letF : T  X be a closed-valued locally-ﬁnite semi-sieve on X. Then, F : XB(T )
is an usco mapping.
Proof. Endow each level T (n), n < ω, with the discrete topology. Next, for every n < ω, deﬁne θn : X  T (n) by θn(x) =
{t ∈ T (n): x ∈F (t)}, x ∈ X . Since each indexed cover {F (t): t ∈ T (n)}, n <ω, is closed and locally-ﬁnite, each θn , n <ω, is
an usco mapping. Then, the product mapping θ : XΠ(T ) is usco as well, where
θ(x) =
∏{
θn(x): n <ω
}
, x ∈ X .
Take a point x ∈ X , and set T (x) = {t ∈ T : x ∈F (t)}. According to Deﬁnition 3.1, (T (x),) is a subtree of (T ,) because F
is order-preserving with respect to the reverse inclusion. Also, T (x) is inﬁnite because x ∈F (t) for every n < ω and some
t ∈ T (n). Since each level of T (x) is ﬁnite, by Köning’s lemma (see Lemma 5.7 in Chapter II of [13]), T (x) contains an inﬁnite
branch β(x). Since β(x) is also a branch in T , we have that θ(x) ∩B(T ) =∅. In fact, we have that F (x) = θ(x) ∩B(T ).
However, by Proposition 2.1, B(T ) is a closed subset of Π(T ). Hence, F is usco because so is θ (see, for instance, [9]). 
1434 V. Gutev, T. Yamauchi / Topology and its Applications 157 (2010) 1430–1438For a cover V of a space X and A ⊂ X , let st(A,V ) be the star of A with respect to V , i.e. st(A,V ) =⋃{V ∈ V :
V ∩ A =∅}. Clearly, if V is star-ﬁnite, then so is the cover {st(V ,V ): V ∈V }. In the same way, for a set-valued mapping
θ : X Z and a subset B ⊂ Z , let
st(B, θ) =
⋃{
θ(x): x ∈ X and θ(x) ∩ B =∅}.
For later use, observe that θn+1(x) = st(θn(x), θ), x ∈ X and n <ω.
Proposition 3.3. Let X be a space,F : T  X be a star-ﬁnite semi-sieve on X, and letK ⊂B(T ) be a nonempty compact subset.
Then, the closure of the set st(K ,F ) is compact inB(T ).
Proof. Whenever n <ω, let
K (n) = {β(n): β ∈K }
= {t ∈ T (n): t ∈ β for some β ∈K }. (3.3)
According to (2.2), the family {O(t): t ∈ K (n)} is a discrete open cover of K , hence it is ﬁnite because K is compact.
Next, consider the set
A(n) = {s ∈ T (n): F (s) ∩F (t) =∅ for some t ∈ K (n)}. (3.4)
Since F is star-ﬁnite, A(n) is ﬁnite as well. Finally, let H =A ∩B(T ), where
A =
∏{
A(n): n <ω
}
.
Then, A is compact and, by Proposition 2.1, H is a compact set which contains K . It now suﬃces to show that
st(K ,F ) ⊂H . To this end, take a point x ∈ X such that F (x) ∩K = ∅, a branch β ∈ F (x) ∩K and a branch
γ ∈ F (x). From one hand, by (3.3), β(n) ∈ K (n) for every n < ω. From another hand, by (3.1) and (3.2), x ∈F (s) ∩F (t)
for every s ∈ γ and t ∈ β . Therefore, by (3.4), γ ∈A ∩B(T ) =H which completes the proof. 
For a pruned ω-tree (T ,) and mappings S ,L : T  X , deﬁne the star-mapping st[S ,L ] : T  X of S with respect
to L by letting for t ∈ T (n) ⊂ T that
st[S ,L ](t) = st(S (t),L  T (n))
=
⋃{
L (s): s ∈ T (n) andL (s) ∩S (t) =∅}.
Next, to every S : T  X we associate the sequence of mappings S n : T  X , n < ω, deﬁned by S 0 =S and S n+1 =
st[S n,S ], n <ω. Finally, we also deﬁne S ω : T  X by S ω(t) =⋃{S n(t): n <ω}, t ∈ T .
Proposition 3.4. Let X be a space, and letF : T  X be a semi-sieve. Then, nF is a multi-selection for Fn for every n <ω.
Proof. Suppose that nF is a multi-selection for Fn for some n <ω. Take points x, y ∈ X such that F (y)∩nF (x) =∅,
and a branch β ∈ F (y) ∩ nF (x). Since nF (x) ⊂ Fn (x), we now have that x ∈Fn(t) for every t ∈ β . Take another
branch γ ∈ F (y). Then, by (3.1) and (3.2), y ∈F (s) ∩F (t) ⊂F (s) ∩Fn(t) for every s ∈ γ and t ∈ β . Therefore, x ∈
Fn(β(k)) ⊂Fn+1(γ (k)) for every k <ω. That is, F (y) ⊂Fn+1(x) which completes the proof. 
To prepare for our last result in this section, we need a little bit more terminology. Suppose that F : T  X is a mapping
for some pruned ω-tree (T ,). We shall say that an element s ∈ T (n) is F -connected to t ∈ T (n) if there exists a ﬁnite
sequence s1, s2, . . . , sk ∈ T (n) such that s = s1, t = sk , and F (si) ∩F (si+1) = ∅ for 1  y < k, see [9]. Next, deﬁne the
F -component of t ∈ T (n), denoted by CF [t], as the set of all elements of T (n) which are F -connected to t .
Lemma 3.5. Let X be a space, and letF : T  X be a closed-valued locally-ﬁnite and star-ﬁnite semi-sieve on X. Then, the following
hold:
(a) Fω(t) =⋃{F (s): s ∈CF [t]} for every t ∈ T ;
(b) CF [t] is countable for every t ∈ T ;
(c) Fω is a clopen-valued sieve on X such that each cover {Fω(t): t ∈ T (n)}, n <ω, is discrete;
(d) the family {Fω (x): x ∈ X} is pairwise disjoint;
(e) Fω : XB(T ) is an l.s.c. separable-valued mapping.
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and 5.3.9], each F -component CF [t], t ∈ T , is countable and if s, t ∈ T (n) and CF [s] =CF [t], then CF [s] ∩CF [t] =∅
and Fω(s) ∩Fω(t) =∅. In particular, (b) holds as well. Since F is a closed-valued locally-ﬁnite semi-sieve, by (a), each
family Dn = {Fω(t): t ∈ T (n)}, n <ω, is a pairwise disjoint closed cover of X , hence it is also clopen and discrete. Finally,
let us observe that Dn+1 is a reﬁnement of Dn for every n <ω. Hence, Fω is a sieve on X which completes the veriﬁcation
of (c). This also implies (d). Indeed, if Fω (x) ∩Fω (y) =∅ for some x, y ∈ X , take a branch β ∈Fω (x) ∩Fω (y) and
another one γ ∈Fω (y). Then, y ∈Fω(s) for every s ∈ γ , while x, y ∈Fω(t) for every t ∈ β . Hence, Fω(s)∩Fω(t) =∅
for every s ∈ γ and t ∈ β , so, by (c), Fω(γ (k)) =Fω(β(k)) for every k < ω. This implies that γ ∈ Fω (x) and, therefore,Fω (y) ⊂Fω (x). In the same way, Fω (x) ⊂Fω (y) which is (d).
To show ﬁnally (e), take t ∈ T and x ∈ X such that O(t)∩Fω (x) =∅, where O(t) is as in (2.2). If β ∈O(t)∩Fω (x),
then t ∈ β and, by (3.1) and (3.2), x ∈Fω(s) for every s ∈ β . Let y ∈Fω(t). Since Fω is a sieve, there is a branch γ ∈B(T )
such that t ∈ γ and y ∈Fω(s), s ∈ γ . We now have that γ ∈O(t)∩Fω (y), which implies that Fω is l.s.c. By (b), each
F -component CF [t], t ∈ T , is countable. Hence, Fω is separable-valued, which completes the proof. 
4. Cover properties and sieve multi-selections
A map h : D → T from a tree (D,) to a tree (T ,) is monotone if h(s) ≺ h(t) for every s, t ∈ D , with s ≺ t . If (D,)
and (T ,) are pruned ω-trees and h : D → T is monotone, then for every branch β ∈B(D) there is a unique branch
hB(β) ∈B(T ), with h(β) ⊂ hB(β), because h(β) is an inﬁnite linearly ordered subset of T . Thus, in this case, a natural a
map hB :B(D) →B(T ) is deﬁned. Moreover we have the following (cf. [11]).
Proposition 4.1. Let (D,) and (T ,) be pruned ω-trees, and h : D → T be monotone. Then, the map hB : (B(D),dD) →
(B(T ),dT ) is uniformly continuous.
If V is a cover of a space X , then let V = {V : V ∈V }. Also, for a mapping S : T  X , deﬁne another one S : T  X
by S (t) =S (t) for every t ∈ T .
We shall say that a space X is closureP-reﬁnable, where P is a property of covers, if for every open cover U of X
there exists an open cover V of X such that V has the property P and is a reﬁnement of U .
Lemma 4.2. Let X be a closureP-reﬁnable space with respect to some propertyP , andL : T  X be an open-valued sieve on X.
Then, there exists an open-valued semi-sieveS : D X on X and a monotone map h : D → T such thatS is aP semi-sieve which
is a multi-selection forL ◦ h.
Proof. By hypothesis, there exists an open cover {Sd: d ∈ D0} of X and a map h0 : D0 → T (0) such that {Sd: d ∈ D0} has
the property P and Sd ⊂L (h0(d)) for every d ∈ D0. Proceed by induction. Namely, consider the open cover{
Sd ∩L (s): d ∈ D0 and s ∈ node
(
h0(d)
)}
of X . By the same reason, there exists an open cover {Sd: d ∈ D1} of X and maps h1 : D1 → T (1) and π0 : D1 → D0 such
that {Sd: d ∈ D1} has the property P , while h1(d) ∈ node(h0(π0(d))) and Sd ⊂ Sπ0(d) ∩L (h1(d)) for every d ∈ D1. Thus, by
induction, for every n <ω we can deﬁne a set Dn , maps hn : Dn → T (n) and πn : Dn+1 → Dn and an open cover {Sd: d ∈ Dn}
of X such that each {Sd: d ∈ Dn}, n <ω, has the propertyP , while hn+1(d) ∈ node(hn(πn(d))) and Sd ⊂ Sπn(d)∩L (hn+1(d))
for every d ∈ Dn+1. Now, assuming that the sets Dn , n < ω, are pairwise disjoint, we may deﬁne D =⋃{Dn: n < ω}, and
a partial order “” on D such that (D,) is a tree for which D(n) = Dn for each n < ω, and node(d) = π−1n (d) for each
d ∈ D(n). Finally, deﬁne h : D → T by h(d) = hn(d) for d ∈ Dn and n <ω, and S : D X by S (d) = Sd for d ∈ D . These D ,
h and S are as required. 
By taking P to be the property of “star-ﬁnite and locally-ﬁnite”, we have the following immediate consequence.
Corollary 4.3. Let X be a strongly paracompact space, and letL : T  X be an open-valued sieve on X. Then, there exists an open-
valued semi-sieveS : D X on X and a monotone map h : D → T such thatS is a star-ﬁnite locally-ﬁnite semi-sieve which is a
multi-selection forL ◦ h.
5. Special multi-selections and strong paracompactness
A sieve S : T  Y on space Y is complete (see [1, Proposition 2.10] and [18, Lemma 2.5]) if for every branch β ∈B(T ),
the polar ΩS (β) (see (3.1)) is a nonempty compact subset of Y , and every open V ⊃ ΩS (β) contains some S (t) for
t ∈ β . Clearly, every complete sieve must be nonempty-valued. It should be remarked that our meaning of a complete
sieve corresponds to that one of a strong complete sieve in [1] (see, also, [18]). Also, let us explicitly mention that a sieve
S : T  Y is complete if each family {S (t): t ∈ β}, β ∈B(T ), is a compact ﬁlter base (i.e., each ultraﬁlter containing it is
convergent) [24].
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Proof of Theorem 1.2. (a) ⇒ (b): Let X be a strongly paracompact space, (Y ,ρ) a complete metric space and Φ : X Y an
l.s.c. closed-valued mapping. By virtue of [1, Lemma 1.1], there exists an open-valued complete sieve L : T  Y on Y such
that the ρ-diameter of L (t) < 1/(n+1) for every t ∈ T (n) and n <ω. Then, all values of the polar mapping ΩL :B(T ) Y
are singletons. Let dT be the metric on B(T ) deﬁned as in (2.1), and f : (B(T ),dT ) → (Y ,ρ) be the map such that
ΩL (β) = { f (β)} for each β ∈B(T ). Then f is uniformly continuous, see Proposition 2.2. Next, by Corollary 4.3, there
exists an open-valued semi-sieve S : D  X on X and a monotone map h : D → T such that S is a star-ﬁnite locally-
ﬁnite semi-sieve on X which is a multi-selection for Φ−1 ◦L ◦ h. By Proposition 4.1, hB : (B(D),dD ) → (B(T ),dT ) is
uniformly continuous. Let Z =B(D), d = dD , ψ = S and g = f ◦ hB . Then g is also uniformly continuous while, by
Lemma 3.2, ψ is usco. Thus, to show (b), it only suﬃces to show that for each ε > 0 and β ∈ Z , the set ψ(ψ−1(Bdε(β))) is
covered by ﬁnitely many open ε-balls. So, take an ε > 0 and β ∈ Z =B(D). If ε > 1, then Bdε(β) =B(D), see (2.1). That is,
we may assume that ε  1. Take n 1 so that 1/(n+ 1) < ε  1/n, and s ∈ β ∩ D(n). Then, by Proposition 2.2, we have that
Bdε(β) = Bd1/n(β) =O(s). Since the cover {S (t): t ∈ D(n)} of X is star-ﬁnite, the set
A(n) = {t ∈ D(n): S (t)∩S (s) =∅}
is ﬁnite. For each t ∈ A(n), take βt ∈B(D) such that t ∈ βt . We claim that
ψ
(
ψ−1
(
Bdε(β)
))⊂⋃{O(t): t ∈ A(n)}=⋃{Bdε(βt): t ∈ A(n)}.
Indeed, let γ ∈ ψ(ψ−1(Bdε(β))) and x ∈ ψ−1(Bdε(β)) be such that γ ∈ ψ(x). Then S (x)∩O(s) = ψ(x)∩ Bdε(β) =∅ implies
that x ∈S (γ (n)) ∩S (s), hence γ (n) ∈ A(n). Therefore, γ ∈O(γ (n)) ⊂⋃{O(t): t ∈ A(n)}.
(b) ⇒ (c): Suppose that (b) holds, and let Y and Φ be as in (c). Also, let ρ be the standard discrete metric on Y
deﬁned for y1, y2 ∈ Y by ρ(y1, y2) = 0 if y1 = y2, and ρ(y1, y2) = 1 otherwise. Then, by (b), there exists a complete
ultrametric space (M,d), an usco mapping θ : X  M and a uniformly continuous map f : M → Y such that f ◦ θ : X  Y
is a multi-selection for Φ and the set θ(θ−1(S)) is totally ε-bounded whenever ε > 0 and S ⊂ M is totally ε-bounded.
Take δ > 0 so that if t1, t2 ∈ M with d(t1, t2) < δ, then ρ( f (t1), f (t2)) < 1, and hence f (t1) = f (t2). Set Z = {Bdδ (t): t ∈ M},
and endow it with the discrete topology. Since Z is a pairwise-disjoint open cover of M , the map p : M → Z deﬁned
by t ∈ p(t), t ∈ M , is continuous. Also, by the choice of δ, there is a map g : Z → Y such that f = g ◦ p. Finally, let
ψ = p ◦ θ . Then ψ : X  Z is an usco mapping such that g ◦ ψ is a multi-selection for Φ . It suﬃces to show that the
set ψ(ψ−1(S)) = p(θ(θ−1(p−1(S)))) is ﬁnite whenever S ⊂ Z is ﬁnite. Let S be a ﬁnite subset of Z . Then p−1(S) is a
union of ﬁnitely many members of Z , so p−1(S) is totally δ-bounded in (M,d). According to the properties of θ , the
set θ(θ(p−1(S))) is also totally δ-bounded. Hence, there exists a ﬁnite subset F ⊂ M such that θ(θ−1(p−1(S))) ⊂ Bdδ (F ).
Therefore, ψ(ψ−1(S)) = p(θ(θ−1(p−1(S)))) ⊂ p(F ) is ﬁnite.
Since (c) ⇒ (a) follows by Theorem 1.1, the proof is completed. 
We conclude this section with another result about strongly paracompact spaces which provides a slight generalization
of Corollary 1.3.
Theorem 5.1. Let X be a strongly paracompact space, (Y ,ρ) be a complete metric space, and let Φ : X  Y be an l.s.c. closed-valued
mapping. Then, there is a complete ultrametric space (Z ,d), an uscomappingψ : X Z , an l.s.c. separable-valuedmapping ϕ : X Z
and a uniformly continuous map g : Z → Y such that:
(a) g ◦ψ is a multi-selection for Φ;
(b) ψ(ψ−1(K )) is compact for every compact K ⊂ Z ;
(c) each ψn, n <ω, is a multi-selection for ϕ;
(d) the family {ϕ(x): x ∈ X} is pairwise disjoint.
Proof. In like manner as in the proof of (a) ⇒ (b) of Theorem 1.2, there exists an open-valued complete sieve L : T  Y
on Y and a uniformly continuous f : (B(T ),dT ) → (Y ,ρ) such that ΩL (β) = { f (β)}, β ∈ B(T ). Since Φ is l.s.c., the
composition Φ−1 ◦L : T  X is an open-valued sieve of X . Then, by Corollary 4.3, there exists an open-valued semi-sieve
S : D  X on X and a monotone map h : D → T such that S is a star-ﬁnite locally-ﬁnite semi-sieve which is a multi-
selection for Φ−1 ◦L ◦ h. Set F =S , and consider the corresponding mappings Fn , n  ω. Next, deﬁne Z =B(D),
d = dD , ψ = F , ϕ = Fω and g = f ◦ hB . Then, ψ is usco by Lemma 3.2; ϕ is l.s.c. by Lemma 3.5; while g : (Z ,d) →
(Y ,ρ) is uniformly continuous by Proposition 4.1. In order to show that these (Z ,d), ψ , ϕ and g are as required, set
ψn = Fn , n < ω. Since each Fn , n < ω, is a multi-selection for Fω , each ψn , n  ω, is a multi-selection for ϕ . On
the other hand, by Proposition 3.4, ψn is a multi-selection for ψn for every n < ω. Thus, (c) holds. Since ΩL ◦ hB is
singleton-valued, by [11, Lemma 7.1], g ◦ ψ = ΩL ◦ hB ◦ ψ is a multi-selection for Φ , which is (a). Finally, (b) follows by
Proposition 3.3, while (d) — by Lemma 3.5. 
V. Gutev, T. Yamauchi / Topology and its Applications 157 (2010) 1430–1438 14376. Multi-selections and special strongly paracompact spaces
For a space X , let
ω(X) =
⋃{
U : U is open in X and dim(U ) = 0},
and let cω(X) = X \ω(X) be the cozero-dimensional kernel of X [4]. Here, dim(U ) means the covering dimension of U . Finally,
let k(X) be the degree of compactness of X (see [4]), i.e. the least inﬁnite cardinal number τ such that every open cover of X
has a reﬁnement (or, equivalently, subcover) of cardinality < τ . In these terms, X is compact if and only if k(X) = ω, while
X is Lindelöf if and only if k(X)ω1.
In this section, we extend [4, Theorem 6] to the case of arbitrary metric spaces.
Theorem 6.1. Let X be a paracompact space such that τ = k(cω(X)) is a regular cardinal. Then, for every completely metrizable
space Y , every l.s.c. closed-valued mapping Φ : X Y has an usco multi-selection ψ : X Y such that k(ψ(ψ−1(S))) τ for every
closed subset S ⊂ Y , with k(S) τ .
By Theorem 6.1 and [4, Theorem 6], we have the following immediate consequence.
Corollary 6.2. A space X is (strongly) paracompact and cω(X) is Lindelöf if and only if for every completely metrizable space Y every
l.s.c. closed-valued mapping Φ : X  Y has an usco multi-selection ψ : X  Y such that ψ(ψ−1(S)) is separable for every separable
subset S ⊂ Y .
In the same way, by Theorem 6.1 and implication (3) ⇒ (1) of [4, Theorem 6] (see, also, [4, Proposition 5]), we get also
the following consequence.
Corollary 6.3. A space X is (strongly) paracompact and cω(X) is compact if and only if for every completely metrizable space Y every
l.s.c. closed-valued mapping Φ : X  Y has an usco multi-selection ψ : X  Y such that ψ(ψ−1(K )) is compact for each compact
subset K ⊂ Y .
Turning to the proof Theorem 6.1, let us emphasize that this proof is not based on strong paracompactness. It is based
on the following two observations the second of which is known in different terms. In what follows, for a subset Z ⊂ X , we
will use dimX (Z) n to denote that dim(S) n for every subset S ⊂ Z which is closed in X .
Proposition 6.4. Let X be a paracompact space, A ⊂ X be a closed subset such that dimX (X \ A) 0, Y be a completely metrizable
space, and letΦ : X Y be an l.s.c. closed-valued mapping. Then, there exists a metrizable space Z , a continuous onto map g : X → Z
and an l.s.c. closed-valued ϕ : Z  Y such that ϕ ◦ g is a multi-selection for Φ and dim(Z \ g(A)) 0.
Proof. According to [21, Theorem 5.1] (see, also, [7]), there exists a metrizable space M , a continuous map h : X → M and
an l.s.c. compact-valued ψ : M  Y such that ψ ◦ h is a multi-selection for Φ . By [10, Theorem 5.4] applied to the map
h : X → M , there exists a metrizable space Z , a continuous onto map g : X → Z and a continuous map f : Z → M such that
h = f ◦ g and dim(Z \ g(A)) dimX (X \ A) 0.
Then, setting ϕ = ψ ◦ f , the proof is completed. 
Proposition 6.5. Let X and Y be spaces, A ⊂ X and let ψ : X Y be an usco mapping. Then, k(ψ(A)) k(A).
Proof. Let U be an open in Y cover of ψ(A). Then, for every x ∈ A there exists a ﬁnite subset Ux ⊂U such that ψ(x) ⊂⋃
Ux . Setting Vx = ψ#(⋃Ux), x ∈ A, we get an open cover {Vx: x ∈ A} of A. Hence, there exists a subset B ⊂ A such that
|B| < k(A) and A ⊂⋃{Vx: x ∈ B}. Since each family Ux ⊂U , x ∈ B , is ﬁnite and k(A) is inﬁnite, W =⋃{Ux: x ∈ B} ⊂U
is a cover of ψ(A) such that |W | < k(A). 
Proof of Theorem 6.1. Let X be a paracompact space such that τ = k(cω(X)) is a regular cardinal, Y be a completely
metrizable space, and let Φ : X  Y be an l.s.c. closed-valued mapping. Set A = cω(X) and observe that dimX (X \ A) 0
because X is paracompact. Hence, by Proposition 6.4, there exists a metrizable space Z , a continuous onto map g : X → Z
and an l.s.c. closed-valued ϕ : Z  Y such that dim(Z \ g(A))  0 and ϕ ◦ g is a multi-selection for Φ . Since B = g(A) is
a Gδ-subset of Z , with dim(Z \ B)  0, by [21, Theorem 4.5], ϕ has an usco multi-selection θ : Z  Y such that θ(z) is a
singleton for every z ∈ Z \ B . Let us show that ψ = θ ◦ g is as required. Take a closed subset S ⊂ Y such that k(S)  τ ,
and let T = B ∩ θ−1(S). Because τ is a regular cardinal, k(B) = k(g(A)) k(g(A)) k(A) τ , see [4, Lemma 9]. Hence, by
Proposition 6.5, k(θ(T )) k(T ) k(B) τ . It now suﬃces to show that
ψ
(
ψ−1(S)
)= θ(T )∪ S.
1438 V. Gutev, T. Yamauchi / Topology and its Applications 157 (2010) 1430–1438Indeed, to show that ψ(ψ−1(S)) ⊂ θ(T ) ∪ S , take a point y ∈ S and let x ∈ ψ−1(y) and z = g(x). If z ∈ T , then
ψ(x) = θ(g(x))= θ(z) ⊂ θ(T ).
If z /∈ T , then z /∈ B , and therefore ψ(x) = θ(z) is a singleton which contains y because x ∈ ψ−1(y). That is, ψ(x) = {y} ⊂ S .
The reverse inclusion follows from the fact that g is onto, which completes the proof. 
Addendum (June, 2009). At the time when this manuscript was in process to be accepted for publication, the authors were
informed that results similar to those in Section 6 were announced by Mitrofan Choban, Ecaterina Mihaylova and Stoyan
Nedev in [3,5,6].
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